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The problem of covering the vertex set of a graph with subsets spanning subgraphs of smaller 
degree is studied. The result of this study is apl lied to give a new bound on the chromatic 
number of a graph in terms of the maximum vertex-degree of the graph and the maximum 
number of vertices in a clique elf the graph. By using this bound, it is shown thst if d is at least 7 
and e is at least 4, then there is no regular graph of valen;y d, chromatic number d, whose 
smallest circuit has at least e edges; this settles a conjecture of Branko Criinbaum. 
Let dI, d2,. .., and dk be non-negative integers. For which graphs G is it 
possible to color the vertices of C with the k colot~ C1, C2:. . . , and Ck so that no 
vertex of color Ci is adjacent to more than di vertines of the same color? Here we 
show that, for this, it suffices that: 
where d is the maximum vertex-degree of G. 
When d, = d2 = . l l = dk = 0. this is the usual vertex-coloring problem: When can 
the vertices of G be color&d with k colors SO that no two adjacent vertice; have 
the same color? For this case, OUI theorem reduces to the simp!e result that the 
chromatic number of G is at most one more than the maximum vertex-degree. 
One way to produce a coloring with d + 1 colors would be, to first find a maximal 
subset U of the vertex set V with the property that no two vertices of U are 
adjacent, and color this with the first color; then to find a maximal such subset of 
V- U, and color it with the next color; ;and so-forth. At most d + I colors will be 
used, for at each step the degree of the subgraph induced by the uncolored 
vertices is reduced by one. 
A similar procedure will yield coloring required for the results in this paper. 
Jn Section 1 we describe :;ets, analogohs to the set U above, and prove their 
existence. In Section 2, we utilize these sets t(l prove the result of the first 
paragraph. Iri Section 3 we use this result, together with 2 theorem of Brooks [2], 
IT derive the inequality: 
oi 
For results on the existence of a basis for certain other bumper functions- 
de.rived from directed grar*__ - see Richardsall [S]. (The terminology is different. 
5%~ afso Berge [l], page 311.) 
Th.e proof tif the existence of an r-basis for G involves fewer difficulties when 
the k,raph G does not have multiple edges. Iat Theorem 1 the result is presented 
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for graphs without multiple edges. In Theorem 2 tk;z more genera! result is given, 
with a similar but slightly more complicated proof. 
TBe~rem 1. Let G be a graph without multiple edges, with vertex set V. Let r be a 
fun&on from V to the positive integers. Then there is an r-basis for G. 
Proof, If SC V, let: 
m(S)= (C r(&e(S). 
\VCS / 
Let U be ii subset of V that is r-independent, chosen so that m(V) is as large as 
possible. We will show that 11 is also r-spanning, and hence is an r-basis. 
Suppose, on the contrary, that U is not r-spanning. Then there is an element v 
of V- U with e(o, U)s r(v)- 1. LeL W be the set of elements u of U with: 
e(u, v)+e(u, U)a r(v); 
that is, an element of U is in W if and only if it is adjacent to v and to r(v) - 1 
elements of U. 
Let T be a maximal subset of W with the property that no two vertices of T are 
adjacent. Then if u E -fl- T, u is adjacent to at least one element of T: 
e(h T)a 1. 
Let U’=(U-T)U(u). U’ is the union of U - W, W - T, and {v). If u is in 
Gther of the first two sets: 
e(u, U’)=e(u, U)-e(u, T)+e(u,v)sr(v’,--1. 
&so, e(v, U’) s e(v, U)S r(u)- 1. Therefore, TJ’ is r-independent. 
We will show that m( U’)> m(U). Since each element u of T is adjacent to 
r(u) - 1 elements of U - T, and to no elements of T m(U- T) = m(U)- ITI. We 
have: 
m(U’) = m(U- T)+r(v)-(e(v, L’\- ITI> 
=m(U)+r(v)-e(v, U) 
3 m(U)+ 1. 
This cannot be the case since U was chosen to maximize m(U), so, contrary to 
our assumption, U is r-spanning. 
In the proof of Theorem 2, we will USC the following lemma 
Lemma. Sugposc G is a graph wit&2 uertex-set V, a~L_l r is a function fmm V to the 
positive integers. For subsets S of V. let: 
I 
m(S) = v z r(u) -e(U). UES 
Then, if U is an r-independrnt subset of V, rn(e/) 2 / U(. 
.’ . 
” . . . 
; ;‘_ 
, 
Themem 2. Let G be u .gyph with vertex-set i Let r be a fun&n ftim V to the 
positive integers* ‘IXen there is an r-basiti fbt G:, 
. . - 
pibot. The proof proceeds bi i&i&m qti IVl, the result being trivially true if 
this nmtber is 0. Swpme V-g & am-8 the: th’e r Sult’ holds for ali graphs with fewer .. . 
v&ti&zs. 
FU S c V, let: 
m(S)= c r(u) -e(S). ! ) ucs 
Choose an r-indepandent set U so that m(U) is as large as possible We will show 
that U is r-apamir+y,, qs F$:. 
If mat, then there k an element v of V - U with e(v, U) s r(v) - 1 Let W be the 
set of elements u oi U with: 
e(u, v)+e(l!, U)a r(U). 
For u E W, let: 
r’(u)=e(u,v)+e(w, U)-r(il)+l+l. 
By the induction hypothesis, there is a set Tc W suck that: 
(lj If UE T, then e(u, T)~r’(rc)-1; and 
(2) If k E W - T, then e(u, T’) > r’(u). 
Zet m’(? ; = (Cue= r’(u))-e(T), and recall from the lemma that m’(T)> ITI. 
Let U* =(U-T)U{v}. L of:, ‘ile union of W - W, W - T, and {v}. If u is in 
either of i:he first two sets, then. 
efu, U’)=e(u, U’)-e(~, T)+e(u, v)=Wu)--1. 
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We show that m(U)> m(U). We have: 
m(U)= m(U-T)+P(u)-e(u, U)+e(u, T), 
Bl+m(U-T)+e(u, T) 
=l+m(V)-m(T)+e(T, U-T)+e(v, T). 
We need only show that e(T, U - T’)+ e(u, T)- m(T) is non-negative. 
We have: 
lTI<m’(T)= c r’(u) -e(T) LT ) 
= 1 (e(u, v)+e(u, U)--r(u)+l)--e(T) 
UET 
= e(u, l’)+e(T, U- T)+2e(T, T) 
- c r(u)+ITI-e(T) 
UET 
=e(u,T)+e(,T, U-T)-m(T)+IT/. 
It follows that e(T, U - T)+ e(u, T)- m(T) is non-negative, and that m(U’)) 
m(U). 
However, U was chosen to maximize m(U), so this cannot be the case. 
It follows that U is an r-basis. 
2. The coloring theorem 
Now we use Theorem 2 to establish an extension of the result described in the 
first paragraph. 
flhW_Wlm 3. Let G be a graph with vertex-set V. Let rl, r2,. . . , and rk be functions 
from V fo the set of positive inte;<ers. Suppose that, for each vertex v of G, the degree 
e(u, V) is less thCMI Cf-_, P@i(U). Then: 
v = v, 1.1 v2 u * * . u ‘(Q‘, 
where if u E Vi, then e(u, Vi)< r.(u). 
Proof. The theorem is proven by induction on k. If k = 1, the result clearly holds. 
Suppose k > I and that the nesdlt holds when there are only k - :, functims. 
By Theorem 2, there is a set UC V such that: 
(1) If u E U then e(u, U)< $(v)- 1; and 
(2) If u E V- U then e(u, II:)3 r,(u). 
Let Vk = U. 
Let 0’ be the, s&graph of CJ 6th vertex-set V - U and having for edges all the 
edges of G with both ends in k - U. For 16 i 6 k - 3, let ri/ be the restrktion of 
the function ti SO V - U. Clearly G’, together with the*@ k - 1 functions, satisfies 
the hypathksi s of the theorem, so there are sets VI, V,, l . . , and C k__, s;itisfying 
its .conclusion. The sets VI (ha 16 i s k) am the sets required to cover G. 
The following specialization 9f Theorem 3 will be !,iseful, later. 
‘IBww~ 4. tit @ be a graphj and let d be the maximum uertex-degrel? of G. 
Suppose dl, d,, . . . > a.zd dk ate non-negative integers whose sum is at least 
d - k + 1. Then it is pwible to colot the vertices of G wit/a k colors SO that no vertex 
of <the i-th c~lolr is adjacent ts more than di vertices of the sdrne color. 
Ipro&. This follows from Theorem 3, with r,(O) = di + 1 for each i : 4 each vertex 
0 of G. 
It is convenient to mention here the following two questions, which are related 
to the results in this section. 
(1) For which graphs G, of I maximum vertex-dsgzee d, may the vertices of G be 
that the 6 t of v&ices colored with any k of the 
a subgraph of maximum vertex-degree at most 
colored with d + I (:olors so 
cclors (I s k e d + 1) spans 
k-l? 
(2) Car. each planar graph be colored with three colors so that each vertex is 
adjacent do at most one other of the same color? 
3. A bonrnd for the chromatic number 
Let G(d, c) denote the collection of graphs G with maximum vertex-degree at 
most d and with no clique having more than c vertices. Let x(d, c) be the 
maximum of the chromatic numbers of graphs in G(d, c). In this section we obtain 
an upper bound for x(d, c). 
Clearl:v it suffices to consider x(d, c) for integers c and d with 2 d c’ s d + 1. 
The function has the fobwing Gnple properties: 
(:I) x(d, c)~ ,u(d’, c’) if d s d’ and c s c’; and 
(b) &I, d + I) = d + 1. 
.A well-known theorem of BalC>oks [2] yields: 
(C) X(d, d) = d, if d > 2. 
The foflowing theorem gives axother propel-t;; of the function. 
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Proof, Suppose C is a graph in G(d, + d2 f I, c). We must show thst G can be 
colored with x(d,, c) +x(d,, c) coliors so that no two adjacent vertices have the 
same color. 
By Theorem 4. the vertex-set 6’ of G may be written as the disjoint union of 
two sets VI and V,, where the subgraph G1 of G spanned by VI has maximum 
vertex-degree at most dl, and the subgraph G2 spanned by V2 has maximum 
vertex-degree at moslt cbq. Neither of these two graphs can have ciiques with more 
than c vertices, so G, is in G(d,, c) and G2 is in G(d2, c). We may use ~(d,, c) 
colors to color the vertices in VI, and x(d2, c) other colors to color those in V,. 
Finally, we have the bound on &I, c). 
d -t- 1 
Theorem 6. x(d,c)c(d+f)- c+- , if ?scsd+I, 
[ 1 
Proof. The proof proceeds by induction on q =[(d + l)/(c + l)]. For q = 0, the 
result is (b), above. Suppose q > 0, and that ~(8, c’) =Z (d’+ 1) - q + I, when 
[(d’ + l)/(c’+ 1)] = q - 1. Then: 
x(d,c)~x(d-c-1,c)+x(c,c), 
s((d-c)-q+ Q-kc, 
=(d+l)-q, 
as required. 
This theorem allows us to settle a conjecture of Branko Griinbaum [6]. (See 
also &d& 1131; and Erdiis and Spencer [4-J, page 57.) Is it true that for every d 
and e there is a regular graph of valency d, chromatic number d, whose smallest 
&zuit has at least e edges? This is not. true. If a grap> G ‘has valency d at least 7 
anrt e is at Ieast 4, then G is in G(d, 3); by Theorem 6, its chromatic number is no 
more than: 
(d + l)-[(d + 1)/4]< I’ - 1. 
It seems likely that there is usually a lot of room between x(d, c) and the upper 
bound given in the theorem. In fact we know of no counter-cxanlple to t!le 
following. 
Conjecture. x(26, d -t 1) = d + 2. 
- 
